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The discovery of new four-dimensional black hole solutions presents a new approach to understand
the Gauss-Bonnet gravity in low dimensions. In this paper, we test the Gauss-Bonnet gravity
by studying the phase transition and microstructures for the four-dimensional charged AdS black
hole. In the extended phase space, where the cosmological constant and the Gauss-Bonnet coupling
parameter are treated as thermodynamic variables, we find that the thermodynamic first law and
the corresponding Smarr formula are satisfied. Both in the canonical ensemble and grand canonical
ensemble, we observe the small-large black hole phase transition, which is similar to the case of
the van der Walls fluid. This phase transition can also appear in the neutral black hole system.
Furthermore, we construct the Ruppeiner geometry, and find that besides the attractive interaction,
the repulsive interaction can also dominate among the microstructures for the small black hole with
high temperature in a charged or neutral black hole system. This is quite different from the five-
dimensional neutral black hole, for which only dominant attractive interaction can be found. The
critical behaviors of the normalized scalar curvature are also examined. These results will shed new
light into the characteristic property of four-dimensional Gauss-Bonnet gravity.
PACS numbers: 04.70.Dy, 04.50.Gh, 05.70.Ce
I. INTRODUCTION
Since the establishment of the four black hole thermodynamic laws, phase transition has been one of the significantly
active areas. In particular, black hole chemistry in the extended phase space has attracted much more attention in
the past decade. One remarkable progress made in this field is that the cosmological constant is interpreted as
thermodynamic pressure and its conjugate quantity as volume [1]. Then a full analogy between a charged anti-de
Sitter (AdS) black hole system and a van der Waals fluid (VdW) was completed [2]. Subsequently, other novel
phenomena of phase transition and phase structure were observed [3–14], for a recent review, see Refs. [15, 16].
Black hole thermodynamics and phase transition in Gauss-Bonnet (GB) gravity, a widely concerned modified
gravity, were extensively studied. Fixing the cosmological constant, it was found that the six-dimensional charged
GB-AdS black hole has four extremal points at one isothermal curve, which implies that there must exist a triple
point phase structure beyond the VdW one [17]. In the extended phase space, the charged topological GB-AdS black
hole was examined in Ref. [18], where the authors found that for the Ricci flat and hyperbolic GB black holes, no
P -V criticality and phase transition exists. However, the VdW-like phase transition always occurs in d ≥ 5. Even
when the charge is absence, the phase transition can also survive in five dimensions. Soon later, we clearly showed
the triple point and phase structure, but it is only exists in a small parameter range for six dimensions [19]. Such
unique property was also confirmed in Ref. [7].
Exploring the black hole microstructures is always a fascinating subject. In Refs. [20–23], we succeeded in de-
veloping a general approach to study black hole microstructures by using the Ruppeiner geometry [24]—a kind of
thermodynamic geometry that has important application in testing the micro-interaction of fluid systems. Compar-
ing with the phase structure, we disclosed that different from the VdW fluid, the repulsive interaction can dominate
among the black hole microstructures in any dimensions [21, 22]. This reveals one intriguing property of the mi-
crostructures for the charged AdS black hole. On the other hand, five-dimensional neutral GB-AdS black holes were
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2found to have an analytical coexistence curve of small and large black holes [25], which provides a good opportunity to
exactly test the black hole microstructures in modified gravity. Nevertheless, it was found that the dominant repulsive
interaction is absent for the GB-AdS black hole. However, the scalar curvature keeps constant when the black hole
system undergoes a phase transition [26]. That means the interaction of the five dimensional neutral GB-AdS black
hole maintains the same even when its microstructures have an obvious change. It uncovers a novel property for the
black hole in the modified gravity.
As we know, in GB gravity, only the static and spherically symmetric black hole solutions are found in higher
dimensions. In four dimensions, the GB term is a total derivative and it has no influence on the field equation, which
results in no 4D GB black hole solution exists. However, until recently, Glavan and Lin [27] proposed a general
covariant GB modified gravity in four dimensions by rescaling the GB coupling parameter α → αd−4 . Such theory
can bypass the Lovelock’s theorem and avoid Ostrogradsky instability. After taking the limit d →4, the GB term
has nontrivial contribution to the field equation. A non-trivial and novel four-dimensional static and spherically
symmetric black hole solution was obtained [27]. The quasinormal modes of the solution were examined in [28], where
the result shows that the damping rate is more sensitive than the real part by varying the GB coupling parameter.
The shadow size of the GB black hole was also investigated in Refs. [28, 29]. The negative GB coupling enlarges the
shadow, while the positive one shrinks it [29]. The four-dimensional charged GB-AdS black hole was also found in
Ref. [30]. Subsequently, other related topics have also been studied [31–46].
Thermodynamics is an important aspect of a black hole solution. Moreover, as shown above, the higher-dimensional
GB black holes have a novel phase transition and microstructures. In this paper, we would like to examine the
corresponding properties in four dimensions and see whether these results still hold or not. We believe the study can
help us to further uncover the underlying interesting properties of the four-dimensional GB gravity.
The present paper is organized as follows. In Sec. II, we study the thermodynamics of the four-dimensional
charged GB-AdS black hole. The thermodynamic first law and the Smarr formula are checked. In Sec. III, the
phase transition is investigated in the canonical ensemble. We observe a small-large black hole phase transition. The
critical point and critical exponent are calculated. We also address the issue that different choice of the entropy
will affect the coexistence curve. And the inconsistency between these curves obtained from the equal area law and
Gibbs free energy will emerge. In the grand canonical ensemble, see Sec. IV, we also find the small-large black hole
phase transition. Interestingly, in the reduced parameter space, all the thermodynamic quantities and coexistence
curve are independent of the GB coupling parameter. In Sec. V, we construct the thermodynamic geometry. The
normalized scalar curvature is calculated. The possible property of the microstructure is uncovered. Especially, the
critical phenomena of the scalar curvature is numerically examined. Finally, we summarize and discuss our results in
Sec. VI.
II. BLACK HOLE THERMODYNAMICS
It is well known that, in GB gravity, there are the static and spherically symmetric black hole solutions with d ≥ 5
[47–49]. Since the GB term is a total derivative and has no contribute to the field equation in four-dimensional
spacetime, there is no four-dimensional GB black hole. However, as discovered by Glavan and Lin [27], when rescaling
the GB coupling parameter α→ α/(d− 4), then taking the limit d→ 4, they obtained a four-dimensional non-trivial
black hole solution. Subsequently, this black hole solution was generalized to charged case in an AdS space [30].
The action of the Gauss-Bonnet gravity in a d-dimensional spacetime with a negative cosmological constant is
S =
1
16pi
∫
ddx
(
R+
(d− 1)(d− 2)
l2
+
α
d− 4LGB − FµνF
µν
)
, (1)
where
LGB = RµνρσR
µνρσ − 4RµνRµν +R2, (2)
the AdS radius l is related to the cosmological constant as Λ = −(d− 1)(d− 2)/2l2, and Fµν is the Maxwell tensor.
The black hole solution was obtained by solving the field equation and adopting the limit d→ 4 in Ref. [30]:
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2), (3)
f(r) = 1 +
r2
2α
(
1−
√
1 + 4α
(
2M
r3
− Q
2
r4
− 1
l2
))
, (4)
3with the non-vanishing electrostatic vector potential At = Q/r. The parameters M and Q are the black hole mass
and charge, respectively. Taking the limit α → 0, the Reissner-Nordstro¨m-AdS will be recovered. The static and
spherically symmetric black hole solution found in Ref. [27] can be obtained by setting Q = 0 and l→∞. It is worth
to point out that this GB black hole solution has the same form withthe one obtained in a conformal anomaly gravity
[50, 51], while the parameter has different meanings. The radius rh of the black hole horizon is the largest root of
f(r) = 0. We can express the black hole mass as
M =
3α+ 8piPr4h + 3r
2
h + 3Q
2
6rh
, (5)
with the interpretation that the cosmological constant is the pressure [1]
P =
3
8pil2
. (6)
The temperature can be calculated as
T =
8piPr4h + r
2
h −Q2 − α
8piαrh + 4pir3h
. (7)
As shown in Refs. [18, 19], the GB coupling parameter α is also treated as a new thermodynamic variable. Then the
black hole first law reads
dM = TdS + ΦdQ+ V dP +Adα. (8)
Following [52], for fixed Q, P , and α, the entropy is obtained [30]
S =
∫
dM
T
=
∫
1
T
(
∂M
∂rh
)
drh
=
A
4
+ 2piα ln
(
A
A0
)
, (9)
where A = 4pir2h is the area of the black hole horizon and A0 is an integral constant with dimension of [length]
2. Note
that this entropy is the same as that obtained from the Iyer-Wald formula [38]. It is also clear that the Bekenstein-
Hawking entropy-area law is modified by the GB coupling parameter α. As we know, for the black hole, the entropy
is generally independent of the black hole charge and the cosmological constant, so we set A0 = 4pi|α| for simplicity.
After the choice, the entropy has the following form
S = pir2h + 4piα ln
(
rh√|α|
)
. (10)
Note that the modified term of our entropy is different from that of [35], where the integral constant is neglected.
Different entropy will produce different phase transition point from the Gibbs free energy, as well as the phase diagram
and coexistence curves. On the horizon, the electrostatic potential Φ = Q/rh. The thermodynamic volume V and
the conjugate quantity A to α are
V =
(
∂M
∂P
)
S,Q,α
=
4
3
pir3h, (11)
A =
(
∂M
∂α
)
S,Q,P
=
α+ 2 ln
(
rh√
α
) (
α− 8piPr4h − r2h +Q2
)
+ 8piPr4h + 2r
2
h −Q2
2 (2αrh + r3h)
. (12)
On the other hand, from the expression (8), one can clearly see that the black hole mass now plays the role of the
enthalpy of the system, i.e., H ≡M . Further, with these thermodynamic quantities, we confirm the following Smarr
formula
H = 2TS + ΦQ− 2PV + 2αA. (13)
Moreover, the first law (8) can also be checked.
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FIG. 1: Isothermal curves for the charged GB-AdS black hole with Q=1 and α=0.5. The temperature is taken as T=0.026,
0.027, 0.02759 (Tc), and 0.028 from bottom to top. The black dot at V=189.76 denotes a critical point.
III. PHASE TRANSITION IN CANONICAL ENSEMBLE
In this section, we would like to study the phase transition in the canonical ensemble, where the black hole charge
Q is fixed.
Solving the pressure from (7), we can obtain the state equation for the four-dimensional charged GB-AdS black
hole
P =
T
2rh
+
αT
r3h
− 1
8pir2h
+
Q2 + α
8pir4h
. (14)
Comparing with the state equation of VdW fluid P = T/v + · · · , one can define a specific volume v = 2rh for
the charged AdS black hole [2]. However, for our case, the appearance of the second term in Eq. (14) makes the
specific volume more difficult to understand. So we will abandon the concept. On the other hand, employing the
thermodynamic volume V , the state equation will be
P =
4piαT
3V
− 1
2× 62/3 3√piV 2/3 +
3
√
pi
6
(
α+Q2 + 3TV
)
3V 4/3
. (15)
We plot the isothermal curves in Fig. 1 for Q=1 and α=0.5. From bottom to top, the temperature is taken as
T=0.026, 0.027, 0.02759 (Tc), and 0.028, respectively. For low temperature, there are two extremal points dividing
the system to three branches—small, intermediate and large black holes characterized by different values of the
thermodynamic volume. The small and large black hole branches have positive heat capacity, which implies that they
are thermodynamic stable. However the intermediate one with negative heat capacity is unstable. This branch will be
removed according to the Maxwell equal area law. And a small-large black hole phase transition occurs reminiscent
of the liquid-gas phase transition of the VdW fluid. Increasing the temperature, the two extremal points get closer,
and coincide with each other at the critical point, beyond which the small and large black hole branches will not be
clearly distinguished.
The critical point denoting a second-order phase transition is determined by the following equations(
∂P
∂V
)
T,Q,α
= 0,
(
∂2P
∂V 2
)
T,Q,α
= 0. (16)
Solving them, one gets [35]
Tc =
κ− 3Q2
24piα
√
6α+ 3Q2 + κ
, (17)
Pc =
9α+ 6Q2 + κ
24pi (6α+ 3Q2 + κ)
2 , (18)
Vc =
4pi
3
(
6α+ 3Q2 + κ
) 3
2 , (19)
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FIG. 2: Contours of the critical temperature and pressure in the Q-α diagram. (a) Contours of the critical temperature Tc=0.02,
0.03, 0.04, and 0.05 from right to left. (b) Contours of the critical pressure Pc=0.002, 0.003, 0.004, and 0.005 from right to left.
with κ =
√
48α2 + 9Q4 + 48αQ2. Obviously, the critical point is closely dependent on the charge Q and GB coupling
parameter α. In order to see their effects on the critical point, we show the contours of Tc and Pc in Fig. 2 in the
Q-α diagram. From the figures, we find that with the increase of the critical temperature or pressure, the contours
are shifted to small Q and α. Moreover, for each contour, the charge Q decreases with α, which indicates that they
compete with each other in this charged GB-AdS black hole system.
When setting α=0, the values of the critical point (17)-(19) reduce to that of the charged AdS black hole. While
taking Q=0, we have
Tc =
√
2
√
3− 3
6pi
√
2α
, (20)
Pc =
15− 8√3
288piα
, (21)
Vc =
4pi
3
(
4
√
3α+ 6α
)3/2
. (22)
This result indicates that the four-dimensional neutral GB-AdS black hole also has a critical point, and thus the VdW
type phase transition can be found in the neutral case. Here we show a universal quantity constructed at the critical
point
ρ =
2Pcrhc
Tc
=
24α+ 21Q2 − κ
48 (α+Q2)
. (23)
For the charged black hole with α=0, we have ρ = 3/8 as expected. While for the neutral GB-AdS black hole, we
have a universal quantity ρ =
(
6−√3) /12, which is larger than that of the charged black hole case.
Next, we turn to the first-order phase transition. It can be determined by the equal area law along the isothermal
curve or swallow tail behavior of the Gibbs free energy. Here we focus on the latter one first. The corresponding
Gibbs free energy in the canonical ensemble reads
G = H − TS = 1
6rh
(
3α+ r2h
(
8piPr2h − 6piTrh + 3
)− 24piαTrh log( rh√
α
)
+ 3Q2
)
. (24)
Here we would to present a comment on the different choices of the entropy on determining the first-order black hole
phase transition. For the same pressure, temperature, and thermodynamic volume, we can obtain the phase transition
point following the equal area law. This approach is independent of the choice of entropy, and is appropriate shown in
Ref. [53]. On the other hand, it is clear that the Gibbs free energy (24) depends on the entropy. So different entropy
produces different Gibbs free energy, and its swallow tail behavior will be influenced, as well as the phase transition.
As a result, the phase transition point obtained from the equal area law and Gibbs free energy may be not consistent
with each other. Following the discussion of Ref. [53], these two approaches give the same result only when the first
law (8) holds.
In order to show the behavior of the Gibbs free energy, we describe it in Fig. 3 with Q=1 and α=0.5 for different
values of the pressure. For low pressure, there appears the swallow tail behavior. At the critical pressure, this
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FIG. 3: Gibbs free energy G as a function of the temperature T with Q=1 and α=-0.5. The pressure P=0.0008, 0.0010, 0.0014
(Pc), 0.0020 from left to right, respectively.
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FIG. 4: P -T phase diagram with charge Q=1. Black dots denote the critical points. The coexistence curves are obtained from
the Gibbs free energy. (a) α=0.4, 0.6, 0.8, and 1.0 from right to left. (b) α=0.4. The “×” represents the result calculated from
the equal area law.
characterized behavior disappears. When beyond the critical point, Gibbs free energy is a decreasing function of the
temperature, and thus no phase transition exists. Reading out the self-cross point, one can obtain the phase transition
temperature and pressure.
Here we show the coexistence curve in Fig. 4(a) with the charge Q=1. Varying α from 0.4 to 1.0, the coexistence
curves are described from right to the left. For low temperature or pressure, we can see that these curves are well
coincides with each other. However, when the critical points (marked with black dots) are approached, they deviate
from each other. Obviously, with the increase of α, the critical point is shifted to low temperature and pressure.
To check the consistency of the coexistence curves obtained from the Gibbs free energy and equal area law, we take
α=0.4 for example, see Fig. 4(b). The red solid curve is obtained from the swallow tail behavior, while the symbol
“×” denotes that calculated from the equal area law. From the figure, we find that they are well consistent with each
other. Thus this confirms that our choice of the integral constant A0 in the entropy (10) is appropriate.
Next, we will compute the critical exponent, which is a universal property of the phase transition. Usually, near
the critical point, a VdW-like phase transition is characterized by the four critical exponents α′, β, γ, and δ, which
7are defined as:
CV = T
(
∂S
∂T
)
V
∝ |t|−α′ , (25)
η =
Vl − Vs
Vc
∝ |t|β , (26)
κT = − 1
V
(
∂V
∂P
)
T
∝ |t|−γ , (27)
p ∝ ωδ, (28)
with
p =
P
Pc
, t =
T − Tc
Tc
, ω =
V − Vc
Vc
. (29)
We start with the exponent α′, which governs the behavior of the specific heat at constant volume. It is easy to find
that for fixed α and V , (∂ST )V,α=0. Thus we have CV,α=0, and arrive the conclusion that the exponent α
′=0. Other
exponents can be calculated by expanding the state equation near the critical point, which gives
p = 1 + a10t+ a11tω + a03ω
3 +O(tω, ω4). (30)
The coefficients for this four-dimensional charged GB-AdS black hole system are given by
a10 =
4
(
2α+ κ+ 3Q2
)
11α+ 9Q2
, a11 =
24α− 10κ+ 6Q2
33α+ 27Q2
, a03 =
−20α+ κ− 15Q2
27 (11α+ 9Q2)
. (31)
When the black hole system undergoes a phase transition from a small black hole to a large one. The temperature
and pressure keep constant, while the thermodynamic volume changes from ωs to ωl. Before and after the phase
transition, the state equation always holds
p = 1 + a10t+ a11tωs + a03ω
3
s = 1 + a10t+ a11tωl + a03ω
3
l . (32)
A simple calculation gives
a11t(ωl − ωs) + a03(ω3l − ω3s) = 0. (33)
Moreover, during the phase transition, the Maxwells area law also holds∫ ωl
ωs
ω
dp
dω
dω = 0, (34)
which reduces to
a11t(ω
2
l − ω2s) +
3
2
a03(ω
4
l − ω4s) = 0. (35)
Solving (33) and (35), we obtain a non-trivial solution
ωl = −ωs = 3
√
24α− 10κ+ 6Q2√
−20α+ κ− 15Q2
√−t. (36)
Then the order parameter η reads
η = 2ωl ∝
√−t, (37)
so the critical exponent β = 12 . The isothermal compressibility κT has
κT ∝ −
(
∂p
∂ω
)−1
∼ − 1
a11t
, (38)
8which implies the exponent γ=1. The shape of the critical isotherm at t = 0 is
p− 1 = a03ω3. (39)
This gives δ=3. In summary, we obtain these four critical exponents
α′ = 0, β = −1
2
, γ = 1, δ = 3. (40)
Actually, these exponents are not independent from each other, and they satisfy the following scaling laws
α′ + 2β + γ = 2, α′ + β(1 + δ) = 2, (41)
γ(1 + δ) = (2− α′)(δ − 1), γ = β(δ − 1). (42)
Now it is rather clear that the critical exponents and the scaling laws for the four-dimensional charged GB-AdS black
hole are exactly the same with the mean field theory. And this small-large black hole phase transition is the VdW-like
type.
IV. PHASE TRANSITION IN GRAND CANONICAL ENSEMBLE
In this section, we focus on the black hole thermodynamics and phase transition in the grand canonical ensemble,
where the electric potential rather the charge is fixed. Moreover, we only consider the phase transition between two
black holes, so we will not consider the pure thermal radiation in AdS space. For simplicity, we only consider the case
of positive electric potential.
The state equation in the grand canonical ensemble can be expressed as
P =
4piαT
3V
+
3
√
pi
6 (α+ 3TV )
3V 4/3
+
Φ2 − 1
2× 62/3 3√piV 2/3 . (43)
The electric potential term is included in the third term, and it clearly modifies the state equation. Here we list the
isothermal curves for the charged GB-AdS black hole with Φ=0.5 and α=0.5 in Fig. 5(a). For T=0.024 and 0.025, we
see there are two extremal points on these isothermal curves. While when T=0.02560, there exists a deflection point,
which corresponds to the critical point of the black hole system. Beyond the value of the temperature, the extremal
point disappears. This result is similar to that of the canonical ensemble. So we confirm that there also exists the
small-large black hole phase transition in the grand canonical ensemble. This property is different from the charged
AdS black hole, where only the Hawking-Page phase transition occurs. Employing the condition (16), we obtain the
corresponding critical point, which reads
Pc =
(
Φ2 − 1)2 (9− 3Φ2 + λ)
24piα (6− 3Φ2 + λ)2 , (44)
Tc =
(
8− 5Φ2 − λ)
48piα
√
α (3Φ2 − λ− 6)
Φ2 − 1 , (45)
Vc =
4
3
pi
(
α
(
3Φ2 − λ− 6)
Φ2 − 1
)3/2
, (46)
where λ =
√
9Φ4 − 48Φ2 + 48. From this expression, it is clear that in order to make the critical point to be a physical
one, the electric potential must have a range, i.e.,
Φ ∈ (0, 1). (47)
Taking α=0, we will have an infinite pressure and temperature and a vanishing volume, which implies that no critical
point exists for the charged AdS black hole. On the other hand, if setting the electric potential Φ = 0, we will obtain
the same result (20)-(22) as that in the canonical ensemble. The reason is that when the electric potential vanishes,
the system is also a neutral GB-AdS black hole system. So the canonical ensemble and the grand canonical ensemble
are the same.
Now, the universal quantity constructed in (23) reads
ρ =
1
48
(
24− 3Φ2 − λ) , (48)
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FIG. 5: Isothermal curves and free energy in grand canonical ensemble with Φ=0.5 and α = 0.5. (a) Isothermal curves
for the charged GB-AdS black hole. The temperature T = 0.024, 0.025, 0.02560(Tc), and 0.027 from bottom to top. The
black dot at V = 86.57 denotes the critical point. (b) Free energy F as a function of the temperature T with pressure
P = 0.0014, 0.0015, 0.00167(Pc), 0.0018 from left to right.
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FIG. 6: P -T phase diagram for the charged GB-AdS black hole in the grand canonical ensemble. (a) Phase diagram with
Φ = 0.5 and α = 0.4, 0.6, 0.8, and 1.0 from right to left. (b) Phase diagram in the reduced parameter space. The electric
potential Φ = 0 and 0.99 from bottom to top. In this reduced parameter space, the coexistence is independent of α.
which increases with Φ. At Φ = 0 and 1, ρ = 112
(
6−√3) and 38 , respectively. In this grand canonical ensemble, the
corresponding free energy is
F = H − TS −QΦ
= −Φ2rh +
3α+ 8piPr4h + 3
(
Φ2 + 1
)
r2h
6rh
+
(
4α ln (rh/
√
α) + r2h
) (
α− 8piPr4h +
(
Φ2 − 1) r2h)
4rh (2α+ r2h)
. (49)
We display the behavior of the free energy F in Fig. 5(b) with Φ = 0.5 and α = 0.5. Significantly, with the increase
of the pressure, the swallow tail behavior tends to disappear. This is a characteristic behavior of the free energy that
indicates a first-order small-large black hole phase transition. This phase transition ends at a second-order critical
point with the increase of the pressure.
Making use of the swallow tail behavior of the free energy, we can obtain the coexistence curve. The results are
described in Fig. 6. Fixing Φ = 0.5, we show the coexistence curves in Fig. 6(a) for α = 0.4, 0.6, 0.8, and 1.0 from
right to left. Obviously, with the increase of α, these curves are shifted to the left. And the critical points are shifted
toward to low temperature and pressure. What more interesting is when showing these curves in the reduced P/Pc-
T/Tc parameter space, we find all these curves coincide with each other. That means for certain Φ, the coexistence
curve is independent of α. In order to investigate the influence of Φ on the coexistence curve, we take Φ = 0 and 0.99
10
for example and show these curves in the reduced parameter space, see Fig. 6(b). From the figure, we find that the
coexistence pressure increases with Φ. However, the influence is very tiny.
Here we would like to discuss why the coexistence curve shows an independent of α in the reduced parameter space.
In Ref. [54], we introduced the dimensional analysis into the study of the black hole phase transition. This approach
has succeeded in obtaining the exact critical point of the phase transition for the d-dimensional singly spinning
Kerr-AdS black holes [54], as well as the five-dimensional Kerr-AdS black holes with two equal spin parameters [55].
Although this approach invalids for the black hole systems with multi-characteristic parameters, it still shows some
insight into the double parameters system, see the Kerr-Newman-AdS black hole [56] for an example. This four-
dimensional charged GB-AdS black hole is a two-characteristic-parameter system as expected. However, in the grand
canonical ensemble, the case becomes a little simple. One key is the electric potential Φ is dimensionless according
to our analysis. Therefore, all these thermodynamic quantities can be reduced by the GB coupling parameter α, or
alternatively, by their critical values. As a result, all these thermodynamic quantities, as well as the coexistence curve,
will only depend on the electric potential Φ. One example is the universal quantity ρ given in (48), which is obvious
independent of α. In summary, the reason that the coexistence curve is independent of α in the reduced parameter
space is that Φ is a dimensionless parameter. The analysis here can also be generalized to other higher-dimensional
black hole thermodynamics in the grand canonical ensemble.
From above, we see that, in the grand canonical ensemble, there also exists a VdW-like phase transition as in the
canonical ensemble. It is also worth to check these critical exponents. For this purpose, one can follow the same
process given in the last section. The main treatment is expanding the state equation near the critical point. After
the expansion, we get the same expression as (30) while with different coefficients
a10 =
4
(
λ+ Φ2 + 2
)
11− 2Φ2 , a11 =
2
(−5λ− 9Φ2 + 12)
33− 6Φ2 , a03 =
λ+ 5Φ2 − 20
297− 54Φ2 . (50)
Since these coefficients do not affect the process, the critical exponents and the scaling laws should be the same as
that in the canonical ensemble. So we conclude that the phase transition in the grand canonical ensemble is also the
result of the mean field theory.
V. BLACK HOLE MICROSTRUCTURES
According to the empirical observation of the well-known thermodynamic geometry, Ruppeiner geometry, a negative
or positive scalar curvature always indicates an attractive or repulsive interaction dominating among its microstruc-
tures. Moreover, near the critical point, the scalar curvature will go to negative infinity. Thus, the correlation length
can also be linked to this scalar. This provides us a powerful approach to insight into the black hole microstructures.
Another reason that the geometry attracts so much attention is that it is constructed from the fluctuation theory,
which might show us more micro-properties of the back hole systems. Note that these advantages cannot be replaced
by other metric geometries. As shown in Ref. [26], the five-dimensional neutral GB-AdS black hole has an intriguing
microstructure, for which interaction between the microscopic constituents keeps unchanged when the system under-
gos a small-large black hole phase transition. This motivates us to consider the corresponding prosperities for the
four-dimensional charged GB-AdS black hole. Here, for simplicity, we only focus on the constant charge case.
Following our previous construction, the line element of the Ruppeiner geometry can be expressed with the Gibbs
free energy (24) as
ds2 = − 1
T
(
∂2G
∂T 2
)
V
dT 2 +
1
T
(
∂2G
∂V 2
)
T
dV 2, (51)
where we take the temperature T and thermodynamic volume V as the fluctuation coordinates. It should be noted
that our original fluctuation coordinates are the mass and volume. Both of them are extensive quantities, which are
consistent with the proposal of Ruppeiner geometry [24]. Other recent study on the geometry with different choice of
the fluctuation coordinates can be found in Refs. [57–59].
By using the first law, the line element can be rewritten as
ds2 = −CV
T 2
dT 2 +
1
T
(
∂P
∂V
)
T
dV 2. (52)
Then, the corresponding metric can be easily obtained by the use of the state equation (15). After a simple calculation,
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FIG. 7: The normalized scalar curvature RN as a function of the thermodynamic volume V with Q=1 and α=0.4 for constant
temperature. The corresponding critical temperature Tc=0.0294. (a) T=0.4Tc. (b) T=0.8Tc. (c) T=Tc. (d) T=1.1Tc, 1.2Tc
and 1.3Tc, from bottom to top.
we get the normalized scalar curvature defined in Refs. [21, 22] for the geometry:
RN =
1
2
− 18T
2V 2/3
(
4 3
√
6pi2/3α+ V 2/3
)2(
8α+ 8Q2 + 24 3
√
6pi2/3αT 3
√
V + 6TV − ( 6pi )2/3 V 2/3)2 . (53)
We depict the behavior of RN with Q=1 and α=0.4 for fixed temperature in Fig. 7. For T < Tc, we see that there
are two points at which the normalized scalar curvature diverges. While when T = Tc, these two divergent points
coincide with each other at V = 161. Further increasing the temperature such that T > Tc, no divergent behavior
can be found, while only a negative well is presented. The minimum of the well is found to be independent of the
black hole temperature.
From the empirical observation of the geometry, we know that the most important properties of the scalar curvature
are the divergent points and vanishing points. First, solving 1/RN = 0, we obtain its divergent point
TSP =
(
6
piV
)2/3 − 8α− 8Q2
6
[
4α(6pi2V )1/3 + V
] , (54)
which is just the spinodal curve separating the metastable branch from the unstable branch. For the extremal black
hole with vanishing temperature, the thermodynamic volume has a minimum value
Vm =
8
3
√
2pi
(
α+Q2
)3/2
. (55)
Next, we solve RN = 0 and obtain the corresponding temperature T0, which has the following simple relation with
TSP
T0 =
1
2
TSP . (56)
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FIG. 9: Behaviors of RN along the small (top red curve) and large (bottom blue curve) black hole coexistence curves. The
black dot denotes the vanishing RN at T = 0.0201.
This relation holds for the d-dimensional charged AdS black hole [21, 22], the five-dimensional neutral GB-AdS black
hole [26], and the Hayward-AdS black hole [60]. A natural guess is that this relation holds for all the black hole
systems. However, this needs to be further confirmed. On the other hand, at constant volume V = Vm, we also have
RN = 0.
Here we show these curves in Fig. 8. This result is very similar to that of the d-dimensional charged AdS black
hole [21, 22] and the Hayward-AdS black hole [60], while different from the five-dimensional neutral GB-AdS black
hole [26]. In the shadow regions I and II, RN is positive, otherwise, it is negative. Since in the coexistence region,
we do not know whether the state equation holds or not, these results are inapplicable. Excluding the coexistence
region, we see region I has positive RN , which implies that the repulsive interaction dominates among the black hole
microstructures. While in other region, only the attractive interaction dominates. In summary, significantly different
from the five-dimensional neutral GB-AdS black hole, we observe a repulsive microstructure in the four-dimensional
charged GB-AdS case for the high temperature small black hole. In addition, from the expression (55), it reveals that
such microstructure also exists for the neutral black hole case.
In the following, we would like to examine the critical behaviors of the normalized scalar curvature RN . As shown
in Fig. 8, the volumes of the coexistence small and large black holes increase and decrease with the temperature,
respectively. At the critical point, the two volumes meet each other and reach the critical volume. Here we plot the
behavior of RN along the coexistence curve in Fig. 9. It is clear that both RN s along the coexistence small and large
black hole curves decrease with the temperature, and go to negative infinity at the critical point. Moreover, for the
coexistence large black hole branch, RN starts at a negative value. However, for the coexistence small one, RN is
positive at the first, and then turns to negative. These imply that in the low temperature, the coexistence small black
hole has a dominant repulsive interaction, while in the high temperature, it has a dominant attraction interaction.
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Near the critical point, RN has a negative divergent behavior like
RN ∼ −|t|−a, (57)
or
ln |RN | = −a ln |t| − b. (58)
For the four-dimensional charged AdS black hole, RN has an analytical critical exponent a = 2. For this black hole
system, we numerically fit the coefficients a and b by taking Q = 1 for different values of α. The results are listed
in Table I. From the table, we find that the values of a for the coexistence small and large black holes at the critical
points are all round 2. So for this black hole system, we confirm RN has a critical exponent 2. Moreover, we find that
the parameter b of the coexistence small or large black holes decreases or increases with α.
α=0.2 α=0.4 α=0.6 α=0.8 α=1.0
a (CSBH) 2.0117 2.0081 2.0058 2.0043 2.0032
b (CSBH) 2.2521 2.2151 2.1924 2.1769 2.1656
a (CLBH) 1.9894 1.9917 1.9932 1.9943 1.9950
b (CLBH) 1.9076 1.9345 1.9513 1.9630 1.9630
TABLE I: Fitting values of a and b for the coexistence small black hole (CSBH) and coexistence large black hole (CLBH) with
Q = 1 and α = 0.4.
Furthermore, with these numerical results given in Table I, we obtain another universal quantity RN t
2 with the
values given in Table II. For the charge Q = 1, the absolute value of RN t
2 slightly increases with α. For the four-
dimensional charged AdS and neutral GB-AdS black holes, they share an analytical value − 18 , which also coincides
with that of small α.
α=0.2 α=0.4 α=0.6 α=0.8 α=1.0
RN t
2 -0.1250 -0.1256 -0.1260 -0.1262 -0.1264
TABLE II: Universal values of RN t
2 near the critical point with Q = 1.
VI. DISCUSSIONS AND CONCLUSIONS
In this paper, we studied the extended thermodynamics of the four-dimensional charged GB-AdS black hole both
in the canonical ensemble and in grand canonical ensemble. Its microstructure was also investigated.
At first we examined the first law of thermodynamics for the four-dimensional charged GB-AdS black hole in
the extended phase space. The cosmological constant was treated as pressure and its conjugate quantity as the
thermodynamic volume, which equals the value of the geometrical volume inside the horizon. However, they are two
different concepts. Besides, the GB coupling α was also treated as a thermodynamic variable. Then the first law and
the corresponding Smarr formula were found to hold for the four-dimensional charged GB-AdS black hole.
In the canonical ensemble where the charge is fixed, we found a small-large black hole phase transition ending at the
critical point. The coexistence curve in the P -T diagram was shown, which is like that of the VdW fluid. Moreover,
near the critical point, we calculated the critical exponents by using the state equation, which is the same as the VdW
fluid. In order to determine the phase transition point, one can use the Maxwell equal area law or the Gibbs free
energy. Here we pointed out that the results obtained by these two methods only coincide if the first law holds. Since
in the GB gravity, the entropy depends on α, we should be very careful in choosing the specific form of the entropy,
especially the integral constant. These will affect the Gibbs free energy, as well as the phase transition point. On the
other hand, if we consider the case with fixed charge and GB coupling, then constructing the equal area law on each
isothermal curve will produce the right phase transition point.
When excluding the pure thermal radiation phase, we also observed a VdW-like phase transition in the grand canon-
ical ensemble, where the electric potential is fixed. The critical point and the coexistence curve were obtained. In the
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reduced parameter space, we found that all the thermodynamic quantities and the coexistence curve are independent
of the GB coupling parameter. This can be understood with the dimensional analysis we proposed before. Due to
the fact that the electric potential is dimensionless, then in the reduced parameter space, the thermodynamics will
only show an electric potential dependent behavior for the four-dimensional charged GB-AdS black hole. Performing
the same calculation in the canonical ensemble, we obtained the same critical exponents and scaling law. One thing
worth to point out is that for the absence of the charge or electric potential, there still exists a small-large black hole
phase transition of the VdW type.
After considering the thermodynamics and phase transition, we turned to the study of the black hole microstructures
by using the Ruppeiner geometry. We calculated the normalized scalar curvature, which is believed to contain the
information of the dominant interaction in its sign. Near the critical point, it is also linked to the correlation length.
For fixing charge and GB coupling parameter, we observed two divergent points of the scalar curvature for low
temperature. These two points coincide at the critical point. While beyond the critical point, only a negative well is
presented with its minimum locating at constant volume.
By solving the normalized scalar curvature, we obtained the temperatures TSP and T0 of the divergent point and
the vanishing point. They satisfy the simple relation T0 =
1
2TSP as other black hole systems do. As we know, in the
coexistence region, the state equation may not hold any more, and thus we excluded that region. We found that the
survival region I still has positive scalar curvature, which indicates there is a dominant repulsive interaction. This
result is rather different from the five-dimensional neutral GB-AdS black hole, where only the dominant attractive
interaction appears. Further, when taking a zero charge, we got a non-vanishing Vm (55), which indicates that
the structure still keeps unchanged, see Fig. 8 for the neutral case. Therefore, the dominant repulsive interaction
structure is universal for the four-dimensional GB-AdS black hole. This result provides us a preliminary microstructure
knowledge of the GB gravity in four and higher dimensions.
Moreover, we numerically calculated the coexistence curve near the critical point, and fitted the coefficients for
the scalar curvature. The result confirms that the normalized scalar curvature has a characteristic universal critical
exponent 2. Adopting the fitting coefficients, we got RN t
2. With the increase of α, its absolute value slightly increases.
In conclusion, the four dimensional GB gravity has significant difference from the higher-dimensional one. Our
results on the black hole phase transition and the microstructures will provide further insight into the four-dimensional
GB gravity.
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